We consider two-body and quasi-two-body decays of the type f 1 → f 2 V , where f 1 and f 2 are spin-1/2 fermions and V a spin-1 boson. In particular, we derive the expression of the polarization of V in the non-covariant formalism; moreover, we illustrate an interesting geometrical interpretation of the result, analogous to the one deduced about the polarization of f 2 in a previous paper of ours. Then we propose applications to semi-leptonic weak decays, with a particular attention to the T -odd component of the polarization of the intermediate boson or of f 2 , which may help to find, simultaneously, possible time-reversal violations and hints to physics beyond the standard model. We suggest also a CP T test. Last, we indicate a method for determining the T -odd effects of the strong final state interactions in the non-leptonic decays of the type considered.
Introduction
The search for new physics (NP) beyond the standard model (SM) is especially stimulating now, that the Higgs boson has been found [1, 2] . Indeed, the SM has achieved a resounding success, thanks to the wealthy of experimental confirmations. However, it presents several unsatisfactory aspects [3] [4] [5] and has to be regarded, at best, as an effective low-energy approximation [6] of the theory of the fundamental particles. Therefore it is essential to realize experiments where, either a clear contradiction with the SM is found, or at least more stringent constraints on physics beyond it are established. Indeed, in the past few years, some data concerning semi-leptonic decays exhibited strong tensions with the SM predictions [7] [8] [9] [10] [11] .
Confirmations to such hints are expected from the polarization of spinning particles produced in weak decays, especially the semi-leptonic ones, like
Here ℓ denotes a charged lepton, including τ , and ν ℓ (ν ℓ ) the corresponding (anti-)neutrino. For the top quark decay, Aguilar et al. [12] [13] [14] recently proposed a detailed analysis about asymmetries related to the W polarization, exploiting the strong polarization with which such a quark (and the anti-top) is produced in the t-channel [14] ; see also the pioneering paper by Kane et al. [15] . As regards the decay of the Λ b baryon -sizably polarized in the transition e + e − → Z → bb [16, 17] -it was recently suggested to measure the polarization of the charged lepton or of the final baryon [18] .
In particular, the T -odd 3 component of the polarization [21] appears quite suitable to our aim, since it is well-known that, in a semi-leptonic decay of a baryon or of the top quark, the SM predicts for this observable a quite small value. Indeed, in this model, decays like (1) proceed only through the V −A interaction with the intermediate boson W , therefore no time reversal violation (TRV) occurs. However, tiny (and calculable [22, 23] ) T -odd effects are produced by final-state electromagnetic spin-orbit [24, 25] interactions, giving rise to a negligibly small T -odd (naive T [19] ) polarization. Therefore, a sizable value of such an observable would be a simultaneous signature of NP [12, 13, 15, 26, 27] and of TRV [28] . This may happen if some non-standard coupling [12, [29] [30] [31] , like a charged higgs exchange [32] [33] [34] [35] [36] or V + A [13, 26, 37] , has a non-trivial phase relative to the SM amplitude.
In the present paper, we examine in detail a (quasi-)two-body decay of the type
where f i are spin-1/2 fermions and V a spin-1 boson. This includes the decays (1), but also non-leptonic decays like
Our approach is based on the non-covariant formalism of the density matrix, similar to the one adopted by Aguilar and Bernabeu [12, 13] for the top quark decay. However, as seen above, we apply our analysis to a variety of decays; moreover we propose different tests of the SM and indicate the most favorable conditions for exploiting the available data. Especially, we derive the expression of the polarization of V and establish the equality of some measurable angle to a quantum-mechanical phase. We also recall an analogous result concerning the polarization of f 2 [38] . Then we apply our results to specific semi-leptonic decays of the type (2), particularly suitable for testing the SM, and to non-leptonic decays like (3), in order to get information about the T -odd effects of the strong interactions.
We dedicate Sect. 2 to the density matrix of V in the decay (2), whence we deduce the differential decay width and the polarization of that particle; moreover, we recall an analogous result for the fermion f 2 . In Sect. 3, we show how to optimize the data analysis, to get as much information as possible. In Sect. 4, we illustrate some applications of our results to semi-leptonic and non-leptonic decays, suggesting tests for NP, TRV and CP T . Last, in Sect. 5, we draw some conclusions.
2 Two-body decay f 1 → f 2 V
Density matrix of V
The spin density matrix of V in the decay considered reads as
Here N is a normalization constant, to be determined in the following;
is the density matrix of the initial fermion f 1 and P
is the momentum of V in a given frame F at rest with respect to f 1 , θ and φ being the polar and azimuthal angle respectively. Last,
where M is the decay operator, D
1/2
M Λ (Λ = µ − λ) an element of the Wigner rotation matrix for spin-1/2 objects and a µλ a rotationally invariant amplitude. M, Λ and λ run over ±1/2, µ over −1, 0, +1.
It is convenient to re-write Eq. (4) synthetically as a product of matrices:
here
and A λ is a 2 × 3 matrix,
the Kronecker δ being a consequence of angular momentum conservation. Furthermore, we introduce the following three mutually orthogonal unit vectors:
wherek is a unit vector in the direction of the z-axis of the frame F. Then, setting
it results from Eqs. (8) and (9) 
the last equation following again from angular momentum conservation. The remaining, non-diagonal, elements of ρ V are deduced from the hermiticity condition of the density matrix. All that allows to determine the observables of interest. However, before showing their expressions, we spend a few words on the p-dependence of the density matrix.
2.1.1 p-dependence of ρ V f 1 , V and possibly f 2 are unstable, therefore they do not have fixed masses. Denoting them by µ 1 , µ V and µ 2 , the momentum p of V in the frame F fulfils the equation
therefore p is a function of µ 1 , µ V and µ 2 . Then the density matrix has to be integrated over the masses µ i , with suitable weights:
Here Ω ≡ (θ, φ). Moreover, the weight function w(µ) is the relativistic Breit-Wigner function for an on-shell particle, which amounts to 2µδ(µ 2 − m 2 ) for a stable one; for an off-shell one, like W in the Λ b decay, it reads as
Here µ 0 V is the smallest value assumed by the mass of V in the decay considered: in the case of the semi-leptonic decay, one has µ 0 V = m ℓ . As regards the top quark decay, the intermediate vector boson may be either on-or off-shell, although the former case appears more likely [39] .
For on-shell particles, such a dependence may be neglected if the widths of the resonances are small enough; in practice, this approximation seems to work in most cases [40] . In the following, we shall omit the bar over the symbols of the decay amplitudes and of the density matrix.
Differential Decay Width
It is convenient to consider the normalized differential width of the decay (2), which we denote shortly as I(Ω):
It results
where
If parity is conserved, the asymmetry parameter α as vanishes and the polarization of the parent resonance cannot be determined by means of the observable (18).
Polarization of V
This observable reads as
where S is the spin operator [41] for vector objects. By considering the components of the polarization along the unit vectors (11) , and substituting the elements (14) into Eq. (21), we get
where the P V i (i = L, T, N) are defined analogously to Eq. (12) and
It is interesting to consider the orthogonal polarization vector of f 1 , P f 1 ⊥ = P NêN + P TêT , and the analogous one for V . Indeed, Eqs. (23) and (24) imply that P V ⊥ is rotated with respect to P f 1 ⊥ by an angle equal to the phase of Φ, second Eq. (25) . In this connection, we observe that a kinematical feature is strictly related to a dynamical one, owing to the fact that different helicity states undergo different interactions, possibly producing different phases. Moreover, (23) to (25) and the Schwartz inequality.
We shall suggest in Appendix a method for inferring from data the polarization P V . Moreover, as we are seeing in the next subsection, a behavior quite analogous is exhibited by P f 2 ⊥ .
Asymmetry in the f 2 decay
If the fermion f 2 decays weakly, it is worth considering the observable A [38] , relative to the secondary two-body decay of f 2 , say,
where f 3 is again a spin-1/2 fermion and M a scalar or vector meson. A is an asymmetry, defined in such a way that [38] 
here p i = p f 3 ·ê i and p f 3 is the momentum of f 3 in the rest frame of f 2 , while N(p i > 0) (N(p i < 0)) is the number of events for which p i is positive (negative). This observable turns out to coincide with the polarization of f 2 , since it has spin 1/2. The orthogonal component of A, A ⊥ = A NêN + A TêT , results to be rotated by an angle −ψ ′ with respect to P
This result can be deduced by a procedure similar to the one described in the preceding subsections.
In the case of the semi-leptonic top quark decay, first Eq. (1), the transverse polarization of the b-quark could be measured by exploiting its relation to the azimuthal dependence of a hadron (say B) produced in the quark fragmentation [42] .
Remarks
A) The phases ψ and ψ ′ -which as seen correspond to geometrical angles -are T -odd observables. This results for ψ from Eqs. (23) and (24) . Indeed, if as usual one chooses k along a given momentum, P V N is T -odd, P V T is T -even and ψ changes sign under Tinversion. But also a different convention, such that P V N is T -even and P V T T -odd, would give rise to the same result. This argument holds also for ψ ′ , therefore we conclude that the two phases are intrinsically T -odd.
B) In the case of a semi-leptonic decay, our formalism holds true also if the intermediate vector boson W interferes with a scalar boson, typically the charged Higgs: only the density matrix elements ρ 0m (m=0,± 1) and their complex conjugates differ from the SM predictions.
C) More physical information, similar to the one obtainable by the fully differential decay distribution [31] , can be extracted according to the suggestions given in ref. 43 . But the secondary decay of f 2 yields information which cannot be inferred from the polarization of V . D) If f 1 is unpolarized, the polarization of V or f 2 can be only longitudinal and is nonzero only if parity is violated. On the other hand, the orthogonal polarizations P V ⊥ and P f 2 ⊥ may be present also in strong and electromagnetic decays; in these cases, they can be used for revealing the polarization of the parent resonance, which, as shown in Subsect. 2.2, cannot be detected by the differential decay width.
Optimizing Data Analysis

Best Choice of the Frame
As we have explained, an important observable for detecting signals of NP is the T -odd component of the polarization, which, according to our convention, coincides with P V N . Here, we are looking for the most convenient conditions for measuring it. In particular, if we choosek ∝ P f 1 , this observable turns out to be proportional to the T -odd triple product
which consists only of quantities inherent in the decay (2) . Of course, the particular choice of the frame constitutes a drawback from the experimental point of view, as the direction of the polarization of f 1 is not known a priori and has to be determined by means of Eq. (19); however, it presents some important advantages, as we are illustrating. Indeed, as a consequence of this choice, Eqs. (23) and (24) amount to
This implies that P V N is nonzero if and only if the phase is nontrivial, as usual. Moreover, it is independent of the azimuthal angle and is zero when p is parallel to P f 1 and maximal when p is orthogonal to the polarization of f 1 .
Average Polarization
We choose in the frame considered an arbitrary azimuthal plane passing through P f 1 , where we fix the unit vectorsî andĵ in such a way thatk =î ×ĵ. Then, in the half-space 0 < φ < π, the average normal polarization reads as
alongî. Similarly, in the same half-space,
alongk. As regardsP
alongĵ. In the opposite half-space, the normal polarization changes sign, while the transverse and longitudinal ones are unchanged. Since the z-axis is taken along P f 1 , Eqs. (31) and (32) show that, also after integration, the component of P V in the azimuthal plane is rotated by an angle ψ with respect to the polarization of the parent resonance. A similar result holds for the asymmetry A relative to the secondary decay of f 2 [38] .
Tests of New Physics and Other Measurements
First of all, we propose two NP tests for the semi-leptonic decays mentioned above.
1) If observables like P V N , A N , or the phases ψ and ψ ′ are significantly different than zero [28] , or than predictions of electromagnetic final state interactions [23] , the discrepancy is due to NP. Furthermore, since these observables are T -odd, we conclude that time reversal is violated, independent of the CP T theorem. This last can be tested if also the data of the anti-particle decays (say,t orΛ b ) are available, since the CP T symmetry implies that the above mentioned observables are CP -odd.
2) We observe that the intermediate boson W , the only one admitted by the SM, is polarized along (for the top decay) or opposite to (for Λ b ) the momentum of the charged lepton in the (ℓ ν ℓ ) rest frame. Therefore we suggest to compare the direction of P V with that of the vector
where N is the number of events andp i the unit vector of the momentum of the lepton observed in the i-th event. If the two directions do not (anti-) coincide, this is an evidence for NP. Furthermore we remark that, if the SM is not contradicted, this may be adopted as a method for determining the factor α as .
Apart from NP, also the T -odd effects produced by the strong interactions [21] are of some interest, as they are not negligible and, in general, not calculable analytically. These effects can be determined by comparing the normal polarizations in a semi-leptonic and in a non-leptonic decay mode of the type (2), with f 1 and f 2 fixed; for example, one could consider the Λ b decays (1) and (3).
Conclusions
We have considered the (quasi-)two-body decays (2) , deriving the expressions of the differential decay width and of the polarization of the spin-1 boson V . We have found that, if the initial fermion is polarized, the orthogonal component of the polarization of V is rotated, with respect to the same component of the polarization of f 1 , by an angle equal to the T -odd phase induced by the interactions involved in the decay. Then we have suggested a method for determining this phase by optimizing the analysis of the data. A similar result we found years ago [38] about the polarization of the final fermion f 2 , provided it is unstable; this constitutes a complementary source of information, often neglected in the literature.
In the case of the semi-leptonic decays (1) or similar, the T -odd phase, as well as the normal polarization of V or of f 2 , is sensitive to the physics beyond the standard model; more precisely, it may reveal any type of NP interaction, except V − A [44] . In this connection, it is worth stressing that the observables considered here have to be included in the number of the quantities especially suitable for detecting NP, like the longitudinal polarization [14] and some kinematic regions of the differential decay distribution [26] of the top quark.
Last, as seen, a significant T -odd component of the polarization of V or of f 2 would imply TRV. This, unlike other measurements suggested [19] , is independent of the CP T symmetry, which opens the possibility to test it, as an alternative to a direct time reversal experiment [45] .
Sect. 2, the normalized differential decay width, analogous to (18) , reads as
Here N ′ is a normalization constant, to be determined below.
is the rotationally invariant decay amplitude, λ ′ i running over ±1/2 and µ over -1, 0, 1. Last, ρ V is the density matrix of V , which, as regards the decay (2), may be parametrized as [13] ρ V = 1 12π (I + 3 2
Here the S i are the angular momentum operators in the spin-1 representation and and
12) 
